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Abstract. We extend the results of Kottwitz, [17] , on points of Shimura 
varieties over finite fields to cases of bad reduction. The "test function" 
whose twisted orbital integrals appear in the final expression is defined 
geometrically using deformation spaces of p-divisible groups. 
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1. Introduction 

The aim of this article is to extend the results of Kottwitz on the co- 
homology of Shimura varieties to cases of bad reduction, with the aim of 
generalizing parts of the results from [25] to more general Shimura varieties, 
thereby putting them in their natural context. The results of this paper are 
used in joint work with S. W. Shin in |26j to prove new results about the 
cohomology of compact unitary group Shimura varieties at ramified split 
places, and rederive previously known facts, notably the existence of Galois 
representations attached to certain automorphic representations of GL„ over 
CM fields as in [27]. 

Let us first briefly recall Kottwitz' results. The basic idea, flrst due 
to Langlands in his Antwerp paper, |19j . is to analyze the cohomology of 
Shimura varieties by computing the alternating sum of the traces of certain 
Hecke operators twisted by a Frobenius correspondence on the cohomology. 
In the simplest case, this amounts to counting the number of F^r-rational 
points in the special fibre. The key insight is that Honda- Tate theory com- 
bined with some group theory allows one to get a purely group-theoretic 
description of this set. Roughly, it is done in two steps: 

• Classify the F^r-isogeny classes. 

• Classify all points within one F^r-isogeny class. 

The result is that the isogeny classes are roughly parametrized by (certain) 
conjugacy classes in G(Q), where G/Q is the reductive group giving rise to 
the Shimura variety, and the points within one isogeny class can be described 
by giving lattices in the etale and crystalline cohomology. In the simplest 
case of the modular curve, this is beautifully explained in unpublished notes 
of Kottwitz, [H], cf. also [2i] . 

In the work of Kottwitz, [T7], a similar description of the F^r-rational 
points is given for general (compact) PEL Shimura varieties at unramified 
places. The assumption that one works at an unramified place ensures that 
the Shimura variety has good reduction and hence that the cohomology of 
the generic and special fibre agree. 

The present work is based on the following observations, which are already 
present in previous work, cf. e.g. the survey article of Haines, [8]. 

• Even when the PEL data are (mildly, cf. later) ramified, Kottwitz' argu- 
ments go through without change to give a description of the F^r-rational 
points, for a suitable integral model J^kp, C G(Aj), of the Shimura va- 
riety with no level at p. This model will however in general not be smooth 
(not even flat). 

• Even when Mkp is not flat (but still proper), one can still compute the 
cohomology of the generic fibre as the cohomology of the special fibre with 
coefficients in the nearby cycle sheaves, and use the Lefschetz trace formula. 
In particular, instead of counting the number of fixed points, we have to 
weight each fixed point with some factor defined in terms of the nearby 
cycle sheaves. 

• By a theorem of Berkovich, the nearby cycle sheaves depend only on the 
formal completion of the Shimura variety at the given point, which, in turn, 
by the theorem of Serre-Tate, depends only on the p-divisible group at the 
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given point. This roughly says that the weighting factor corresponding to 
a point in the isogeny class parametrized by a conjugacy class 7 € G(Q) 



depends only on the image of 7 in G(Qp) via some function on G(Qp)|J 
This makes this contribution sufficiently independent of the rest, so that 
the further formal manipulations allow one to prove a formula close to the 
one of Kottwitz. 

The key new observations of [25| . with precursors occuring in [21] and 
[23], are the following. 

• The same method even works if one allows a nontrivial level Kp at p, by 
reinterpreting the cohomology of the Shimura variety of level KpK^ as the 
cohomology of the Shimura variety with no level at p (and level away 
from p) with suitable coefficients. 

• For the global applications, it is often enough to know the existence of some 

function on G(Qpi-) that can be used in the trace formula, without any 
knowledge about its precise values. 

The final output is a formula of the form 



where r is an element of the local Weil group, /i is a function in C^(G(Zp)) 
(for a suitable integral model of G), and € C^(G(Aj)); we refer to 
Section [5] for precise assumptions and statements. Let us just mention that 
the sum basically runs over isogeny classes, which are parametrized in this 
case not by conjugacy classes in G(Q), but instead give rise to what we 
call a Kottwitz triple (70; 7, (5) satisfying certain compatibility conditions. 
The first factor 0(70; 7, (5) is basically a volume factor as it occurs in trace 
formulas; the second factor is the orbital integral of and roughly counts 
lattices in the etale cohomology; both of these are well understood. The third 
factor is the new ingredient; it involves the function (pT^^ G C^(G(Qpr)) that 
encodes the weighting factors defined in terms of the nearby cycle sheaves. 

In a sense, this puts the whole mystery of the ramification in the bad 
reduction of the Shimura varieties into certain functions (p-j^h ^ C'^(G(Qpr)) 
depending on elements of the local Weil group r and a function h on G(Zp). 

Let us say a few more words about the construction of this function which 
is the technical heart of this paper. This also allows us to explain the precise 
assumptions we put on the PEL data at p. 

We start by noting that as in the book of Rapoport - Zink, [22], we 
consider deformation spaces of p-divisible groups, and our main theorem 
can be read as a theorem that relates the cohomology of Shimura varieties 
to the cohomology of deformation spaces of p-divisible groups. However, 
these deformation spaces will not be Rapoport-Zink spaces. They occur as 
formal completions of Rapoport-Zink spaces. 



More precisely, this conjugacy class in G(Qp) will be canonically lifted to a a- 
conjugacy class on G(Qpr) defined via the action of the Frobenius operator F on the 
Dieudonne module of the p-divisible group, and the function will be defined on G(Qp>-). 




tr(r X hnH*) = (^i^o;i, 6)0.,{nT0sAM 



(1) 



(7o;7,5) 

a(7o;7.'5)=l 
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The local PEL dat£0 that we consider are of the same form as in the 
book of Rapoport ~ Zink, but we will put some additional assumptions. We 
start with a semisimple Qp-algebra B with center F such that every simple 
factor of B is split, i.e. a matrix algebra over a factor of F. Let V be 
a finitely generated left i?-module. We fix a maximal order Ob C B and 
a Ofi-stable lattice A C V. These data give rise to C = End^C^) with 
maximal order Oc = Endc)g(A). Additionally, we have an anti-involution * 
on B which preserves F; we let Fq C F he the invariants under *. We make 
the assumption that F/Fq is unramified. Further, the PEL data consists of a 
nondegenerate *-hermitian form (,)onV, i.e. a nondegenerate alternating 
form {, ) on V such that {bv, w) = {v, b*w) for all v,w £ V, b € B. We 
require that A be self-dual with respect to ( , ) . This induces an involution 
* on C and Oc- We get the algebraic group G/Zp whose i?- valued points 
are given by 

The final datum is a conjugacy class JI of cocharacters n : — > Gq^, with 
field of definition E. We assume that after choosing a representative fj, of 
JI, that under the corresponding weight decomposition on V, only weights 
and 1 occur, so that V = Vq ® Vi. Additionally, we assume that the 
composition 

Gm A G Gm 

is the identity, the latter morphism denoting the multiplier g i— )■ gg* E Gm- 

Moreover, we assume that after extending scalars to Qp, all simple factors 
of the data {F, B,*,V,{, )) are of type ^ or C under the classification of 
the possible simple factors on page 32 of p2] . 

Let us mention the restrictions in comparison to [22]: We exclude cases 
of orthogonal type, we assume that the lattice chain is reduced to one self- 
dual lattice (and translates of it), we assume that F/Fq is unramified, and 
that B is split All of these assumptions are made to avoid additional 
group-theoretic difficulties; the geometric part of the argument should work 
without these assumptions, and it would be an interesting problem to extend 
this method beyond the cases considered here. 

Let T) = {B,F,V, . . .) denote the PEL data. One gets a natural notion of 
p-divisible group with P-structure over any scheme S on which p is locally 
nilpotent, cf. Definition l3.31 Over F^r, one can describe them via Dieudonne 
theory by elements 6 € G(Qpr) up to cr-conjugation by G(Zpr), cf. Proposi- 
tion [STTOl Let H_ = H_g be the p-divisible group with P-structure associated 
to some 6. Then we look at its universal deformation which lives over a com- 
plete noetherian local ring R-jj-, which in turn gives rise to a rigid-analytic 
variety Xj^- Moreover, for any K C G(Zp), we get a natural finite etale 
cover Xjj ^/ Xjj. Let Xjj j^- be the base-change to Gp. 

The basic idea is to define 

ct^rm = tr(r X h\H*{X^^^-,Q,)) , 



'We also consider the case of EL data. 

'But we allow p — 2, which is excluded in [22| . 
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for any K C G(Zp) such that h is biinvariant under Note that the 
nearby cycles can be identified with the cohomology of the generic fibre, 
thus this expression really is the local term of the Lefschetz trace formula 
that occurs as the weighting factor. 

At this point, we can explain the main technical obstacle: It is not in 
general known that the cohomology groups of Xjj ^ satisfy suitable finite- 
ness statements. This would follow if one could prove that these spaces 
are algebraizable in a suitable sense, cf. Theorem 12.81 In the special case 
considered in our previous work [25], we could deduce this from Faltings's 
theory of group schemes with strict O-action, [2], and Artin's algebraization 
theorem. The same proof works for unramified PEL data (and p 7^ 2), by 
using a theorem of Wedhorn, Theorem 2.8, which describes the defor- 
mation space as a versal deformation space of a truncated p-divisible group, 
cf. Proposition 13.121 However, it seems difficult to us to make this strat- 
egy of proving algebraicity work outside the case where the moduli problem 
without level structure is smooth. In joint work with S. W. Shin, we 
will use a global argument to prove that in all EL cases, the deformation 
spaces are algebraizable by showing that they occur in a suitable Shimura 
variety. However, this argument will already make use of results proven 
here. 

The idea to get around this difficulty is the observation that in the end, we 
are only interested in 4>T,h{^) if the p-divisible group associated with 5 comes 
from some point in the Shimura variety. In that case, there tautologically is 
an algebraization, and hence the finiteness results that one needs hold true. 

We employ this idea by defining a notion of rigid-analytic varieties with 
"controlled cohomology"; this implies that the cohomology is the same as 
the cohomology of a quasicompact admissible open subset. For quasicom- 
pact rigid-analytic varieties (satisfying slight technical extra assumptions), 
finiteness results are known, and hence the cohomology of any rigid-analytic 
variety with "controlled cohomology" satisfies suitable finiteness statements. 
It also implies all other results that one would like to know, like indepen- 
dence of ^, etc. . 

This leads to a well-defined function (j)T-,h on G(Qp' ), and the final state- 
ment one needs is that this is a locally constant function. This is based on 
the result that the automorphism group of H_ acts smoothly on the coho- 
mology (which follows from results of Berkovich, but which we deduce here 
from results of Huber). 

Let us add some remarks about previous works using the Langlands- 
Kottwitz method in cases of bad reduction. The first case considered was 
that of parahoric level structures. In that case, there are natural integral 
models for the Shimura variety with parahoric level structure (which are 
not used here), and one can adapt Kottwitz's arguments to describe the 
points in the special fibre of these integral models of parahoric level. A 
similar function (j)' can be constructed, and a conjecture of Kottwitz states 
that this function lies in the center of the Iwahori-Hecke algebra, and can 
be explicitly described via the Bernstein isomorphism. This led Beilinson 
to a general conjecture in the geometric Langlands program that one can 



'Here, we use Ruber's definition of etale coliomology groups for rigid-analytic varieties. 
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construct central elements in Iwahori-Hecke algebras via a nearby-cycles 
construction, which was proved by Gaitsgory, His argument was adapted 
by Haines and Ngo to prove Kottwitz' original conjecture, [6]. We note 
that this conjecture of Kottwitz leads to a precise formula for the spectral 
contribution of the test function (p' that becomes necessary in applications 
of formula ([TJ, e.g. the computation of the semisimple local Hasse-Weil zeta 
function as in [8], Theorem 11.7. Outside the parahoric case, we mention an 
article of Haines and Rapoport, (7j, which considers the unipotent radical 
of an Iwahori subgroup for a specific Shimura variety. Again, they find that 
there is a canonical test function that lies in the center of a Hecke algebra, 
and they identify it explicitly, which leads to a description of the Hasse-Weil 
zeta function. 

This led to the expectation that for general level structures, it should be 
possible to define canonical test functions in the center of an appropriate 
Hecke algebra. In the paper [23] dealing with the case of modular curve, it 
was verified that functions in the center of a Hecke algebra exist which can 
be used to make ([1]) true. These functions were made explicit, [23], Section 
14, but they were constructed artificially, and no relation to the geometry 
could be found. It then became clear, [23]; [25]) that one can define canonical 
test functions coming from the geometry, but that these do not lie in the 
center of a Hecke algebra. In [23] , it was verified formally that also functions 
in the center of a Hecke algebra exist, but no geometric interpretation could 
be given. 

Nonetheless, there is an analogue of Kottwitz' conjecture, as formulated 
in joint work with S. W. Shin, |26j . However, it gives less information: Our 
conjecture only determines the twisted orbital integrals of 0r,h, whereas 
Kottwitz' conjecture determined the function itself. Even in the case that 
we take h as the idempotent associated to a parahoric level structure, our 
function (p^-^h behaves worse than the function (p' in that it does not lie in the 
center of the Iwahori-Hecke algebra. This is due to the fact that different 
integral models of the Shimura variety are used to define them. One expects 
that their twisted integral orbitals agree, which is however not clear from 
the definition. 

Finally, we give an overview of the content. In Section 2, we collect some 
general results about the cohomology of rigid-analytic varieties as proved 
by Huber. In Section 3, we define the deformation spaces of p-divisible 
groups, which we use in Section 4 to define the test functions (/)r,ft,. In 
Section 5, we state our main theorem calculating the trace of certain Hecke 
operators twisted with an element of the local Weil group on the cohomology 
of Shimura varieties. This theorem is proved in Sections 6 and 7; in Section 
6, we give a description of the fixed points of Hecke correspondences, and in 
Section 7, we apply the Lefschetz trace formula. 

Acknowledgments. It is a pleasure to thank my advisor M. Rapoport 
for everything he taught me, and his continuous help with problems of any 
sort. Moreover, I thank T. Haines and R. Kottwitz for helpful discussions; 
this paper obviously owes a lot to their work. This paper was written while 
the author was a Clay Research Fellow. 
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2. EtALE COHOMOLOGY OF RIGID-ANALYTIC VARIETIES 

In this section, we recall some facts about the etale cohomology of rigid- 
analytic varieties that will be used. 

In the following, we fix a complete discrete valuation field k of character- 
istic 0, with valuation subring k° and maximal ideal k°°. Moreover, we fix 
a prime i prime to the characteristic of the residue class field k = k° /k°°. 

We have the following properties, collected from the work of Huber, [9]. 

Theorem 2.1. Let X and Y be separated smooth rigid- analytic varieties 
over k of dimension n, resp. m. 

(i) If X is quasicompact, then the cohomology groups H^{X ^i^.kjZ/P'Z) and 
Hc{X ®k k^'LjVTL) are finite for all i and j. 

(ii) Assume that X is taut (cf. Definition 0.4-7 of |9]j. Then the cohomology 

groups W{X ®k k,'L/l^'L) and Hj^{X 0k k,Z/eZ) are zero for i > 2n. 
Moreover, we have an isomorphism 

H\X (g)fc k,Z/fZ) ^ (g)fc k,Z/fZy{-n) 

for i = 0, . . . , 2n, where (— n) denotes a Tate twist. 

(iii) Assume that X and Y are taut. Then there is a Kiinneth-formula iso- 
morphism 

RTc{X0kk,Z/fZ) ^y^jz RVc{Y®kk,Z/eZ) ^ RTc{{XxY)®kk,Z/PZ) . 

Proof. Part (i) follows from Proposition 0.5.3 and Proposition 0.5.4 of (9]. 
Part (ii) follows from Corollary 0.5.8 and Corollary 0.6.3 of [9]. Part (iii) 
follows as usual from the properties 0.4.5 a) - d) of [H], noting that they hold 
true if / is separated and taut, cf. [S], p. 19. □ 

Now assume that X is a separated taut smooth rigid-analytic variety over 
k of dimension n, and assume that we are given a sequence of quasicompact 
admissible open subspaces Xq C Xi C . . . C X, such that X = Xj. 

Definition 2.2. We say that X has controlled cohomology (with respect to 
X(),Xi, . . .) if for all large j, the map 

HiiXj ®k k, z/a) Hi{x k, z/ez) 

is an isomorphism for all i. 

Proposition 2.3. Assume that X is a separated taut smooth rigid- analytic 
variety over k of dimension n having controlled cohomology with respect to a 
sequence of subsets Xq,Xi, ... as above. Then the groups W{X 0kk,Z/PZ) 
and H],{X®k k, Z/PZ) are finite for all i and j , and there is a perfect pairing 

Hi^{X Ofc I, Z/&Z) (g) Hl'^-^X ®k k, Z/fZ) Z/&Z{-n) 
for all i G Z; in particular the cohomology groups vanish for i > 2n. 
Proof. Immediate. □ 
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Proposition 2.4. Let X and Y be seperated taut smooth rigid- analytic vari- 
eties over k of dimension n, resp. m, and consider quasicompact admissible 
open subsets Xq C Xi C . . . C X and Yq C Yi C . . . C Y exhausting X, 
resp. Y . Then X xY with respect to the sequence of quasicompact admissi- 
ble open subsets Xq xYq d Xi xYi d . . . d X xY has controlled cohomology 
if and only if both X and Y have controlled cohomology ( with respect to the 
given Xj, resp. Yj). 

Proof. Use the Kiinneth formula. □ 

Proposition 2.5. Let X be a separated taut smooth rigid- analytic variety 
over k of dimension n with Xq C Xi C ... C X as before, and let f :Y ^ X 
be a finite etale Galois cover with Galois group G. Let Yj = f~^{Xj); then 
Yq d Yi d . . . <Z Y are quasicompact admissible open subsets exhausting 
Y , and Yj Xj is a finite etale Galois cover with Galois group G for all 
j. Assume that the order of G is prime to i. Then if Y has controlled 
cohomology (w.r.t. the Yj), then X has controlled cohomology (w.r.t. the 
Xj), and 

Hi{X (g)fc I, Z/IT) = HiiY Ofc I, Z/a)'^ 

for all i E Z. 

Proof First, note that Rf\Z/m = fZ/iZ = f^Z/iZ = Rf^Z/iZ is locally 
constant on X^t by Corollary 0.5.6 of [9]. We may decompose it into a 
direct sum according to the irreducible representations of G over F^, using 
that i is prime to the order of G. The G-invariant part is just Z/iZ (via the 
adjunction morphism Z/iZ — ?> f^^Z/iZ). This shows that for all j, we have 

Hi{Xj (S)k k,Z/lZ) = Hi{Yj (S)k k,Z/iZ)^ 

as well as ^ 

Hi{X ®k ^, = Hi{Y ®fc I, z/af . 
The conclusion follows. □ 

We want to extend this discussion to ^-adic coefficients. In [10], Huber 
defines compactly supported cohomology with ^-adic coefficients. We set 

H*{X k, Qe) = H*{X k, Z^) 

and 

K'iX ®k k,Qi) = Hom(i72-i(x 0, l,Q,),Q,) 
in case X is smooth of dimension n. 

Now assume that X is separated, taut and smooth, and has controlled 
cohomology with respect to Xj d X. Then Proposition 2.1 iv) and Theorem 
3.1 of [lO] imply that 

H*{X ®kk,Zi) 

is the inverse limit of H*{X CS)k k,Z/£"^Z), and this inverse system is AR-i- 
adic. In particular H^iX 0^ kjQi) and H*{X 0^ k) are finite-dimensional 
Q^-vector spaces vanishing outside the range < i < 2dimX, and satisfy a 
Kiinneth formula, also for ordinary cohomology: 

H'iiXxY) ®kk,Qe) = ^H\X^kk,Qe) ®Qi H'~' {Y ®kk,Qe) ■ 

j 
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Moreover, in the situation of Proposition 12.51 we have 

H\X ®k k, Qi) = H\Y ®k k, Qef . 

Finally, we have the following result that will imply smoothness of certain 
group actions on the cohomology of the spaces considered. 

Proposition 2.6. Let X be a quasicompact separated taut smooth rigid- 
analytic variety over k. Then there is an admissible open neighborhood U C 
X X X of the diagonal X C X x X such that for all f : X ^ X for which 
the graph T f d X x X is contained in U, the induced morphism 

r : H\X ®k I, ^ H\X ®k k Qe) 
is the identity for all i (zl^. 

Proof. It is enough to ensure that Hl{X A;,Z/£Z) maps isomorphically 
to Hl(U fc, Z/£Z) for all i, for then the same is true for Q^-cohomology, 
and we have a commutative diagram 



H\X (E)kk,Qe) 




H'{X®k^kM WiU^khQi) H\X(g)kk,Qi) 




W{Tf ®kk,Qe) 

The existence of U with this property follows from Theorem 2.9 of |12j . □ 

Now we put ourself into the following situation. Let i? be a complete 
noetherian local A:°-algebra with residue field k and maximal ideal m. Then 
to R, one can associate a rigid-analytic variety X over k as in [22], 5.5, cf. 
also d], 0.2.6. 

Let us recall the construction, in a slightly more general situation. Let 
us only assume that i? is a complete noetherian semilocal A:°-algebra whose 
residue fields are finite extensions of n, and let m C -R be the set of topologi- 
cally nilpotent elements. Let fi, . . . , fm be generators of m, and let -cj € k°° 
be a uniformizer. Then for any j > 1, consider the algebra 

R, =R{n,..., T^)/{fi -wTi,...,fl,- wT^) . 

One checks that Rj (g) fc is a Tate algebra over k in the sense of rigid geometry, 
and we can define Xj = Sp Rj, a rigid-analytic variety over k. Moreover, 
there are obvious transition maps Rj — > Rj' for j > j' , inducing maps 
Xji — > Xj for j' < j; these are admissible open embeddings. Finally, one 
defines X = \Jj Xj, with the Xj as admissible open subsets. 

Lemma 2.7. For any j > 1, the subset Xj C X is the subset of all x £ X 
where for all / € m, the inequality \f{x)\ < \w\^/^ holds true. The rigid- 
analytic variety X is separated and partially proper (cf. Definition 0.4-2 in 
[9]J, in particular taut. 



Proof. This follows easily from the construction of X. 



□ 
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Now assume moreover that X is smooth of pure dimension n. Let / : 
y — 7> X be a finite etale morphism. Taking Yj = f~^(Xj), we similarly 
exhaust Y by the quasicompact admissible open subsets Yj C Y. In the 
following, we simply say that X or Y has controlled cohomology, this family 
of quasicompact open subsets being understood. 

The results of and [12] imply the following theorem. 

Theorem 2.8. Assume that there is a separated scheme X of finite type over 
k° with smooth generic fibre and with a finite etale cover 5 : 2) — > X (8)^0 k. 
Let X € X{k) such that R is the completed local ring of X at x, identifying 
the tubular neighborhood of x in the generic fibre o/X with X, and such 
that there is a fibre product diagram 



Y 



^X 



2)rig ^ ^rig 

Then X and Y have controlled cohomology. Moreover, fixing a geometric 
point X above x, there is a canonical Gal{k/k)-equivariant isomorphism 

{R'iPg,qeh = H'{Y^k k,Qi) ■ 
In particular, iftQ/X is Galois with Galois group G, so is Y/X and 

HHX (^k k, Qe) = H\Y k, . 

Proof. By Theorem 2.9 of [12], both X and Y have controlled cohomology. 
Proposition 3.15 of [11] gives the description of the nearby cycles for torsion 
coefficients. In order to pass to ^-adic coefficients, we use Proposition 5.9.4 
from [3], which shows that Proposition 5.9.2 of [3] applies, giving that the 

definition of H*{X (8)fc k,Qe) agrees with the naive definition as an inverse 
limit of H*{X®kk,'L/P^''L) tensored with (and the same statement for Y 
or with coefficients g^fTj/ P^^L). The last statement follows from (g^^Qe)^ = 
in the algebraic context. □ 

Finally, we have some lemmas that guarantee that one can apply Propo- 
sition 12.61 

Lemma 2.9. Let R be a topological k° -algebra, topologically of finite type, 
and let X be its generic fibre as a rigid- analytic variety over k. Then for any 
open neighborhood U C X x X containing the diagonal X C X x X , there 
is some a G k°° such that for all automorphisms f of R that act trivially on 
R/a, the graph T f C X x X of f acting on X is contained in U . 

Proof. Let tTj : X x X — > X, i = 1, 2, be the two projections. Then a cofinal 
system of admissible open neighborhoods of the diagonal is given by finite 
intersections of admissible open neighborhoods of the form |7rjj'(r) — vr|(r)| < 
\w\"^ for r G i?, m > 0. Then any automorphism / that is trivial modulo 
tu™ for all m occuring in these expressions has the desired property. □ 

Lemma 2.10. Let R be a complete noetherian semilocal k° -algebra whose 
residue fields are finite extensions of k. Let X be the corresponding generic 
fibre as a rigid- analytic variety over k. Recall that X = \Jj Xj is naturally 
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the union of quasicompact admissible open subsets Xj C X . Then for any 
j > 1 and any admissible open neighborhood U C Xj x Xj of the diagonal 
Xj C Xj X Xj , there exists an open ideal I C R such that for all automor- 
phisms f of R that act trivially on R/I, the graph T f d Xj x Xj of the 
action of f on Xj is contained in U. 

Proof. The subset Xj C X is affinoid, equal to the generic fibre of Spf Rj 
for some Rj as in the previous lemma. Now apply the previous lemma. □ 

3. Deformation spaces of ^-divisible groups 

We will consider certain deformation spaces of p-divisible groups with ex- 
tra structure. This extra structure will be given by endomorphism and level 
structures (EL case), or polarization, endomorphism and level structures 
(PEL case). Our conventions are the following, cf. [22], 1.38 and Definition 
3.18: 

EL case. Let i? be a semisimple Qp-algebra with center F such that 
every simple factor of B is split, i.e. a matrix algebra over a factor of F. Let 
y be a finitely generated left i?-module. We fix a maximal order Ob C B 
and a O^-stable lattice A C V. These data give rise to C = EndB{V) with 
maximal order Oc = Endc)g(A) and the algebraic group G/Zp whose group 
of i?-valued points is given by 

G{R) = {R®^^ OcY 

for any Zp-algebra R. The final datum is a conjugacy class JI of cocharacters 
/i : Gm — > ^Qp- field of definition of Jl is called the refiex field. 
Fix a representative fi of JI over Q^; this gives rise to a decomposition of 
V into weight spaces. We make the assumption that only weights and 1 
occur in the decomposition, i.e. V = Vq © Vi. The isomorphism class of the 
S-module Vq (and that of Vi) is defined over E. 

PEL case. Again, we have B, Ob, F, V, A, C and Oc as in the PEL 
case. Additionally, we have an anti-involution * on i? which preserves F; we 
let Fq C F he the invariants under *. We make the assumption that F/Fq is 
unramified. Further, the PEL data consists of a nondegenerate *-hermitian 
form {, ) on V, i.e. a nondegenerate alternating form (, ) on V such that 
(bvjw) = {v,b*w) for all v,w G V, b £ B. We require that A be self-dual 
with respect to ( , ). This induces an involution * on C and Oc- We get the 
algebraic group G/Zp given by 

GiR) = {geiR0z, Ocr \ 99* R""} ■ 

The final datum is again a conjugacy class JI of cocharacters : Gm — > 
Gq^, with field of definition E. Again, we assume that after choosing a 
representative fi of JI, that under the corresponding weight decomposition 
on V, only weights and 1 occur, so that V = Vo©Vi, where the isomorphism 
class of the i?-module Vq is defined over E again. Additionally, we assume 
that the composition 

Gm — > G — > Gm 

is the identity, the latter morphism denoting the multiplier g i— )■ gg* G Gm- 
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Moreover, we assume that after extending scalars to Qp, all simple factors 
of the data {F, B,*,V,{, )) are of type ^ or C under the classification of 
the possible simple factors on page 32 of [22]. 

There are certain cases of PEL type which are closely related to cases of 
EL type. They are needed when one wants to embed the EL case into a 
global situation, as Shimura varieties are associated to PEL data. 

Quasi-EL case. Assume given data V of PEL type such that F decom- 
poses as F = i<o X Fq, with * acting by {x,y)* = {y,x). We let 

Vo = {Bo = B^fFo,Obo = Ob^OpOf^Vo = V®fFo,Ao = A^OfOfo,TIo) , 

where Jlq is defined as the first factor of /I under the isomorphism 

G = Go X Gm 

sending an element g acting on A = Aq © Aq to its restriction to Aq, and 
the multiplier gg* € Gm- This defines data Pq of EL type. Note that the 
second component of is a morphism Gm Gm which by assumption is 
the identity. In this way, there is a bijection between data of EL type and 
data of quasi-EL type (with fixed decomposition F = Fq x Fq). 

In particular, we note that our assumptions imply that the reductive 
group Gqp is connected and quasisplit, with simply connected derived group. 
In comparison with the assumptions of j22j , we make the additional assump- 
tions that B is split over F, that F/Fq is unramified, that the lattice chain 
is reduced to a single selfdual lattice A C V (and its translates), and we 
exclude the cases of orthogonal type. It would be interesting to investigate 
whether our method can be adapted to more general cases. 

The following lemma is crucial at a large number of places, and justifies 
most of our assumptions. 

Lemma 3.1. Let data of PEL type be given. Let (V , ( , )') be a *-hermitian 
B-module such that V' = V as B-modules. Assume that there is a self-dual 
Os-stable lattice A' C V . Then there is an isomorphism of *-hermitian 
B-modules V = V' carrying A into A'. 

Remark 3.2. We require the isomorphism to preserve the form, not just up 
to a scalar. Hence this is slightly stronger than Lemma 7.2 in |17j . We note 
that the proposition stays true after tensoring everything with Q^r over Qp. 

Proof. We may assume that Fq is a field. Let € -Fq be a uniformizer of Fq. 
The group of O^-linear hermitian isomorphisms of A is an unramified group 
over the ring of integers of Fq. It is also connected by our assumption that 
all simple factors of the PEL data are of type ^4 or C. By Lang's lemma, 
there is an isomorphism of *-hermitian O^-modules A/wA = A'/tuA'. As 
in [T7j, proof of Lemma 7.2, one checks that this isomorphism lifts. □ 

Now let V be data of type EL or PEL. We will consider the following type 
of p-divisible groups with extra structure, cf. Definition 3.21 of [22] . 



DEFORMATION SPACES OF p-DIVISIBLE GROUPS 



13 



Definition 3.3. Let S be a scheme over Oe on which p is locally nilpotent. 
A p-divisible group with D-structure over S is given by a pair H_ = {H, l) 
(resp. a quadruple H_ = {H, l, X,L,) in the PEL case), consisting of 

• a p-divisible group Li over S 

• a homomorphism t : Ob — > End(-ff) and, in the PEL case, 

• a (twisted) principal polarization X : H — > H"^ L, where H^^ is the 
dual p- divisible group, andl^ is a 1- dimensional smooth "Lp-local system. 

These data are subject to the following conditions. 

(i) In the PEL case, we assume that the Rosati involution *x on End(if) 
induced by A is compatible with * on Ob, i-e = for all a S Ob. 

(ii) Locally on S there is an isomorphism of Ob 'S' Os -modules between the 
Lie algebra of the universal vector extension of H and A (SiZp Os. 

(iii) The determinant condition holds true, i.e. we have an identity of poly- 
nomial functions in a Ob: 

detc)g(a| LieX) = det£;(a|Vo) . 

We refer to [22] , 3. 23, for a detailed discussion of this condition^ 

Remark 3.4. One may wonder about the appearance of L. First, we re- 
mark that its role is of minor importance: L deforms uniquely, and if one 
deforms an object over an algebraically closed field, then one can ignore L 
completely. This happens in particular in [22]. Later, we will be interested 
in deforming p-divisible groups with D-structure over finite fields, and such 
twisted forms will appear in the global applications: The p-divisible group 
with D-structure over the finite field will be defined by descent from a sim- 
ilar object over Fp, and the descent datum naturally introduces this twist. 
We also mention that it is closely related to the notion of c-polarization 
occuring in Kottwitz' paper [T7], cf. Proposition 16.21 

Before going on, let us consider p-divisible groups H_ with D-structure 
over perfect fields n of characteristic p. We get an associated (covariant) 
Dieudonne module {M,F); here M is a free P^(K)-module. Moreover, M 
carries a left action of Ob, and an *-hermitian perfect form M 0w{k) ^ ~^ 
W{k), well-defined up to a scalar. Let us assume for the moment that 
M[|] is isomorphic to V CS>Zp W{k) as a i?-module; this is satisfied if H_ 
admits a deformation to a mixed characteristic discrete valuation ring as 
a p-divisible group with D-structure, by assumption (ii) in the definition. 
From Lemma 13. H it follows that in this case, we can find an isomorphism 
between M and Ai^^p W{k) as *-hermitian O^-modules. Let us fix such an 
isomorphism. The Frobenius operator F on M takes the form F = p6a for 
some 6 G G(VF(k)[^]); moreover, changing the isomorphism changes 5 by a 
(T-conjugate under G{W{Hi)). The normalization of 6 is chosen to match the 
normalization in |17j . We also define b = p6, considered as a cj-conjugacy 
class under G{W{k)[^]) in G{W{k)[^]). 

Let us add a word about parametrizing L. Giving L is equivalent to 
giving Qp/Zp L, which is an etale 1-dimensional p-divisible group. Its 
Dieudonne module can be trivialized to W{k), where F acts as pd for some 
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d € W{k)^. Then in general for any p-divisible group X over k with 
Dieudonne module (M, F) , the Dieudonne module of X ® L is given by 
{M,dF). _ 

We are ready to state the deformation problem. Let ^ be a p-divisible 
group with P-structure over a perfect field k of characteristic p, which we 
give the structure of an O^j-algebra via a fixed map Oe — > k. 

Definition 3.5. Let Defjj be the functor that associates to every artinian 
local OE-algebra R with residue field k the set of isomorphism classes of 
p-divisible groups with V-structure over R endowed with a trivialization 

Theorem 3.6. The functor Defj^ is pro-representable by a complete noe- 
therian local OE-algebra Rjj with residue field k. 

Proof. By the results of Illusie, [13], Corollaire 4.8 (i), the deformation prob- 
lem for the p-divisible group H itself is pro-representable by a complete noe- 
therian local O^i-algebra Rjj with residue field k. By rigidity of p-divisible 
groups, the existence of liftings of the extra structure defines a quotient of 
R-jj. Obviously, the conditions (i) and (iii) define a further quotient R-jj. But 
condition (iii) implies condition (ii) by [22], 3.23 c), so that R-jj represents 
Def;^. ~ □ 

Remark 3.7. At least if k is algebraically closed, these deformation spaces 
are formal completions of the deformation spaces considered by Rapoport- 
Zink, [22]. 

Let k° be the complete discrete valuation ring with residue field k that 
is unramified over Oe (in the sense that a uniformizer oi Oe stays a uni- 
formizer in k°), and let k be its fraction field. We consider the generic fibre 
Xjj of Spf Rjj, as a rigid-analytic space over k. 

Associated to Ji, we get a homogeneous variety for G over E, cf. [25], 
1.31. Let d be its dimension. Let J^"^ be the associated rigid-analytic variety 
over E. 

Theorem 3.8. There is an etale morphism of rigid- analytic varieties over 
k ( the period morphism ) 

TT-.Xjj^r''^ ®Ek . 
In particular, Xjj is smooth of dimension d. 

Proof. The same argument as for smoothness of Rapoport-Zink spaces ap- 
plies, cf. Proposition 5.17 in [22]: The period mapping exists in this setting 
by Proposition 5.15 in and it is etale by the same arguments. □ 

Further, we have a universal p-adic Tate module T-jj over Xjj, with P- 
structure in the obvious sense. For any compact open subgroup K C Kq = 
G(Zp), we let Xjjj^ be the finite etale covering of Xjj parametrizing level- 
X-structures, i.e. (over each connected component of Xjj) vri-invariant K- 
orbits r] of isomorphisms 

V-.A^T-jj 
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which are O^-hnear and, in the PEL case, preserve the hermitian forms up 
to a scalar. The existence of such isomorphisms over geometric points follows 
from Lemma [3. 11 Together with the discussion in [22] starting in Subsection 
5.32, this implies that if K C K' is normal, the covering X-jj ^/Xjj j^, is 
Galois with Galois group K' jK. 

Now Proposition 1.20 of [22] gives the following result. 

Proposition 3.9. Assume that Xjj ^ 0. Then KG{b) = n^, with notation 
as explained below. 

Proof. Recall that the existence of some x € Xj^ implies that the (covari- 

ant) Dieudonne module of H_ can be trivialized as an O^-module (with 
*-hermitian form) to A®^^ W{k). Then the Frobenius operator F defines a 
c7-conjugacy class b G -B(G), where the latter denotes the set of ci-conjugacy 
classes in G(Ty(K)[^]) (the latter set is independent of the algebraically 
closed field R of characteristic p). Kottwitz, cf. [16], Section 6, constructs a 
map 

KG:B{G)^X*iZiG)^) , 

where G is the dual group, Z{G) its center, and T is the absolute Galois 
group of Qp. 

On the other hand, choose a cocharacter // : Gm G representing 7r{x) G 
J^^^. Then the pair (6,//) is admissible in the sense of [22], cf. 3.19 a) of 
|22| . Moreover, defines a character of Z{G), and by restriction a character 

of Z{G)^; we remark that fi^ depends only on the conjugacy class Jl. 

In general, kg(^) — hes in 

H\Qp,G)^X*{Z{Gf)tor C X*{Z{Gf) 
and measures the diff'erence between T-jj ^ Qp and V as i?-modules (with 
hermitian form up to scalar, in the PEL case), by Proposition 1.20 of [22]. As 
they are isomorphic in our case as checked above, we get the proposition. □ 

We have associated to any p-divisible group with P-structure H_ over 
K such that Xjj 7^ an element 6 G G(VF(k)[^]), well defined up to a- 
conjugation by G{W{k)), such that pK C p6K C A and KQ,{p6) = This 
is summarized in the following proposition. 

Proposition 3.10. For any perfect field k of characteristic p which is an 
OE-algebra, the association H_ 5 ^ G{W{k)[^]) defines an injection 
from the set of isomorphism classes of p-divisible groups with T>-structure 
H over n such that Xjj / into the set of G{W{k)) -a -conjugacy classes in 

G{W{k)[^]) with the properties pA C p5A C A and Kc,{pS) = fiK 

Conversely, let us start with an element 6 € G(VF(k)[^]) such that pA C 

p6A C A and HiG{pS) = fJ.'^. We can construct the p-divisible group with en- 
action H_g over k whose covariant Dieudonne module is given by A®i^ W{k) 
with F acting hj pSa. Moreover, in the PEL case, the condition kg{p6) = 
implies that for any character x : G — > Gm, we have {fi,x) = ordpxipS), cf. 
3.19 b) of [22]. Applying this for the multiplier morphism g 1— )■ xis) = 99*, 
we get 1 = (/ti, x) = ordpxip^)- particular, there is some L parametrized 
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by d = px{S), cf. the discussion after Definition 13.31 This gives a twisted 
principal polarization 

A : ^ ® L . 

These combine to a pair, resp. a quadruple, satisfying conditions (i) and 
(ii) of a p-divisible group with D-structure over n. It does not necessarily 
satisfy condition (iii), however. This amounts to saying that the map in the 
previous proposition is not necessarily surjective. 

Definition 3.11. We say that H_ has controlled cohomology if Xjj has 
controlled cohomology for all normal pro-p open subgroups K C G(Zp), and 
all £^p. 

Note that this notion depends only on the base-change of H_ to an alge- 
braic closure R of k. Moreover, it is enough to check it for a cofinal system 
of normal pro-p open subgroups K C G(Zp), by Proposition 12.51 

In our previous work, [25], Theorem 2.4, we had proved an algebraization 
result that shows that in the EL case considered there, all H_ have controlled 
cohomology. This made strong use of Faltings's theory of group schemes 
with strict O-action. 

In the case of unramified PEL data, one can use a result of Wedhorn to 
prove the same result. 

Proposition 3.12. Assume that F (equivalently, Fq) is unramified over 
Qp. In the PEL case, also assume that p ^ 2. Then all p-divisible groups 
H with D-structure over a perfect field k of characteristic p have controlled 
cohomology. Moreover, for any normal subgroup K C G{'Lp), we have 

Proof. In the unramified case, conditions (ii) and (iii) in the definition of 
a p-divisible group with P-structure reduce to numerical conditions on the 
ranks of certain locally free sheaves and hence can be checked on geometric 
points and are irrelevant for deformation problems. Now Theorem 2.8 and 
2.15 of [29] show that R-jj is formally smooth and the prorepresentable hull 
of a finitely presented functor (given as the deformation functor of any trun- 
cation H\p"^]). Now using Artin's algebraization theorem as in |25j . proof of 
Theorem 2.4, one constructs an algebraization as in Theorem 12.81 Theorem 
12.81 now shows that H_ has controlled cohomology, and also gives the desired 
description of the unramified part of the cohomology. □ 

Proposition 3.13. Assume given data of EL type, and assume that F fac- 
tors as a product of fields F = Y\ - Fi . Accordingly, all other data split into 
a product, which we indicate by writing T> = W^T^i. Similarly, a p-divisible 
group with T) -structure H_ over S factors into a product H_ = Y\^H_i, where 

j is a p-divisible group with Di-structure over S. The reflex field E C Qp 
is the compositum of the reflex fields Ei C Qp . 

Let K be a perfect field as above, and let H_ = Y\iH_^ be a p-divisible 
group with V-structure over S, given as a product of p-divisible groups with 
T>i- structure over S. Accordingly, 

6 = lld.e G{W{K)[h) = llG,{W{K)[k) . 

i i 
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Moreover, if K = Y\^Ki C G(Zp), there are product decompositions 
Xjj = Y\i Xjj ^ , the product being taken over Sp k, with k as above. 

In particular, H_ has controlled cohomology if and only if all have 
controlled cohomology. 

Proof. Easy and left to reader; use Proposition 12 . 41 for the last assertion. □ 

Proposition 3.14. Assume given data T> of quasi- EL type, with correspond- 
ing data Vq of EL type. 

Then giving a p-divisible group with V-structure H_ = (H, l, A, L) over S 
is equivalent to giving a p-divisible group with DQ-structure ILq and a 1- 
dimensional Zp-local system L over S, the correspondence being given by 
H = Hq X Hq (8) L with the tautological Ob = Obq x 0*^^-action, and the 
tautological twisted principal polarization 

X : H = Ho x (g)h ^ H"^ = ®h X Ho . 

In particular, let k and II be as above, with associated H_o '^nd L. 74c- 
cordingly, 

6 = {6o,p~'d) e GiWiK)[^]) = Go{WiK)[^]) x WiK)[^r , 

where L corresponds to d as above. Then for 

K = KoX (1 c G(Zp) = Go(Zp) X , 

with m > 1, there is a product decomposition 

where Xi^^rn parametrizes isomorphisms between L® and 'L/p"^'L. 

In particular, II_ has controlled cohomology if and only if H_q has controlled 
cohomology. 

Proof. Easy and left to reader; note that Xj^^m is finite over Sp k and hence 
has controlled cohomology. □ 

Finally, we will need a continuity statement about the action of the au- 
tomorphism group of II_ on the cohomology of Xjj ^ in the case that H_ has 
controlled cohomology. 

Proposition 3.15. Assume that H_ has controlled cohomology. Then for 
any normal pro-p open subgroup K C G(Zp), there is an integer m > 1 such 
that for all automorphisms j of H_ that act trivially on the induced 

action on 

H\X^ j^ (^kk,Qi) 

is trivial for all i. 

Proof. It suffices to check this for a cofinal system of K. We take K as 
the kernel of the projection G(Zp) — ?• G(Z/p™'iZ). In this case Xjj j^/Xjj 
parametrizes Ofi-linear isomorphisms A/p^^ = T-^/p^^ that preserve the 
hermitian form up to a scalar. 

Fix generators Ai,...,Am2 of A as an O^-module. Let H_ = (H,...) be 
the universal deformation of II_ over Rjj. Consider the finite flat cover 
i^[p™i]/Spf Rjj, and let H[p'^''^]ri/Xjj be its generic fibre as a rigid- analytic 
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variety over k. Let Y = H\p^^]r^ — be the m2-fold fibre product over Xjj. 
Note that Y is the generic fibre of a complete noetherian semilocal fc°-algebra 
R whose residue fields are finite extensions of k: Let H\p"^^] = Spf then 

R = Ri (^R^ ■ ■ ■ Ri , 
which is finite flat (in fact free) over R-jj. We have a closed immersion 

■mo / X-TT 

by sending the isomorphism A/p™^ = T/p"^'^ to the images of Ai, Amj- 

Because has controlled cohomology, there is some quasicompact ad- 
missible open subset Xjjj^^^ C Xjjj^ with the same cohomology, where 
we recall that the rigid-analytic variety Xjj ^ is defined as the union of 
quasicompact admissible open subsets Xjj ^. We use Proposition 12.61 to 
produce an admissible open neighborhood U C Xj^ k ms ^ -^H K ma 
diagonal such that any automorphism of Xjj whose graph is contained 
in U acts trivially on the cohomology. 

Because quasicompact, there is some such that Xjj C 

Yfn^ , where Y = |J^ Ym as usual. Moreover, there is an admissible open 
neighborhood V C x Ym^ of the diagonal such that 



Summarizing, it suffices to find an integer m > 1 such that for any auto- 
morphism j of H_ that acts trivially on the graph Tj C Ym^ x of 
j acting on Y^^ is contained in V. 

Using Lemma I2.10^ it suffices to prove that for any open ideal I C R, 
there is some integer m > 1 such that any automorphism j of H_ that acts 
trivially on H[p"^], also acts trivially on R/I. This reduces us to proving 
the statement with Ri in place of R. 

Let m-^ C Rjj be the maximal ideal. It suffices to check that for any 

n > 1 there is some m > 1 such that any automorphism j of H_ acting 
trivially on H[p'^] lifts to an automorphism oi H_® r— R-jj / xn^ that is trivial 
on -torsion. 

By induction, it suffices to prove that there is some integer m'^^ > mi such 
that any automorphism j of H_ that lifts to an automorphism of H_ ®r-^ 

R-jj/xrC^^ trivial on p^'i -torsion, lifts further to an automorphism of H^'^r— 
Rjj/m^ trivial on p™"! -torsion. 

The assertion is equivalent to the existence of lifts of , ■^^^7'^ acting 
on ^Rjj ^Tj/^jf^- By [l3], Corollaire 4.3 b), for any p-divisible groups 
Gi, G2 over Rjj/m^ with restriction G[, G'2 to Rjj/m!^^, the existence 

of a lift of some homomorphism f : G'l ^ G'2 to a homomorphism Gi — ?■ 
G2 is equivalent to the existence of a lift of f[p] : G'i[p] G"2[p] to a 
homomorphism Gi[p] — )■ G2[p]. But taking m'^ = mi + 1, we know that f[p] 
is just the zero morphism for the two homomorphisms / = pn^^ we 

are interested in. These obviously lift, finishing the proof. □ 
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4. Definition of the test function 

Let Ie C We be the inertia and Weil group of E, and fix a geometric 
Frobenius element Prob € We- Fix some integer j > 1. Our aim is to define 
a function (pr,h £ C^{G{Qpr)) depending on an element r € Froh^ Ie C We 
and a function h G C^(G(Zp)) with values in Q. Here we set r = j[KE ■ Fp], 
where k^; is the residue field of E. 

We regard ¥pr as the degree-j-extension of ke; in particular, it is an Oe- 
algebra. Fix the Haar measures on G(Qp), resp. G(Qpr), that give G(Zp), 
resp. G(Zpr), volume 1. 

Definition 4.1. Let 5 £ G(Qpr). Define 

<Pr,h{5) = 

unless 5 is associated to some p-divisible group with D-structure over ¥pr 
under the correspondence of Proposition \3.1(A In the latter case, assume 
first that II has controlled cohomology. Then define 

c^r,h{S) = tr(r X h\H*{X^ j, C5fc k,Qi)) , 

for any normal compact pro-p open subgroup K C Kq such that h is K- 
biinvariant. If II_ does not have controlled cohomology, define (j)r,h{S) = 0. 

Proposition 4.2. The function (p^^fi : G(Qpr) — is well-defined and 
takes values in Q independent of i. Its support is contained in the compact 
set of all 6 G G(Qpr) satisfying pA C p6A C A and Kci{p6) = 

Proof. The last point is clear. We have to see that any two choices Ki C K2 
of K give the same value. This follows from Proposition 12.51 as follows: 

tT{Txh\H*{X^^j^^^kk,Qe)) 

= vol(K2)"' Yl K9)t<T X g\H*{X^ j,^ ®fc iQe)) 
g(^G{Zp)/K2 

= vol(/^2)-' Yl h{g)tT{T X g\H*{X^ ,,^ 0^ fe,Q,)^2/i^i) 

geG{Zp)/K2 

= vol(i^i)-i J2 K9)t<T X g\H*{X^ j,^ 0fc l,Q,)) 
geG{Zp)/A-i 

= tr(r X h\H*{X^j^^ (E)k k,Qe)) • 

To get the independence of i, we note that it suffices to prove the inde- 
pendence of £ of 

tr(r X g\H*{X^ j^ ®kkQe)) 

for all K and g € G(Zp), assuming H_ has controlled cohomology. In partic- 
ular, we assume that Xjj has controlled cohomology, so we may replace it 
by some G(Zp)-invariant quasicompact open subset U = Xjj ^ C Xjj ^ 
with the same cohomology. Moreover, we can twist U by the unramified ac- 
tion of the absolute Galois group of k sending a geometric Frobenius element 
to g, which acts via the finite quotient G{'Lp) / K; this gives a quasicompact 

smooth separated rigid variety V over k such that U ®kk — V^^k, and 
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with the action t x g on the left-hand side corresponding to the action of 
r on the right-hand side. In particular, 

tr(T X g\H*{X^j^ ^kk,Qe)) = tr{T\H*{V ^kk,Qi)) ■ 

The latter term is independent of i by Theorem 7.1.10 of [20]. □ 

Proposition 4.3. The function (pT^h is locally constant, so that it defines 
an element (j)r,h G C^{G{Qpr)). 

Proof. Take any element 6 G G(Qpi ); we want to find a small open neigh- 
borhood U of 6 such that tp^ f^iyd') = 4>T,h{S) for all 6' E U. The conditions 
i^'dp^) = 1^^ and pA C pSA C A define an open and closed subset outside of 
which the function vanishes identically. In particular, we may assume that 
6 satisfies these conditions. 

The construction after Proposition 13.101 constructs a pair H_ = {H,i) 
(resp. quadruple H_ = {H, l, A,L) in the PEL case), which satisfies all con- 
ditions of being a p-divisible group with P-structure over ¥pr except possibly 
the determinant condition, i.e. condition (iii) of Definition 13.31 

We want to see that if 6' is sufficiently close to 6, then over ¥p, the 
associated and H_gi become isomorphic. This follows from the following 
lemma. 

Lemma 4.4. Let k, be an algebraically closed field of characteristic p, let 
L = and let G be any linear algebraic group over L. Then for any 

h € G{L), the map G{L) — > G{L) mapping g to g~^bg^ is open. 

Proof. By standard arguments, it is enough to check the statement on the 
Lie algebra, which reads: The map — )> mapping x to —x + {Adb){x^) is 
open, where denotes the Lie algebra of G. Identifying q with L" for some 
n, this follows from the following lemma. 

Lemma 4.5. Let A S GL„(L). Then the map L" — t- L"^ mapping x to 
X — Ax" is open. 

Remark 4.6. By Qp-linearity, it follows that the map is also surjective. 

Proof. It is easily seen that one may replace A by a cr-conjugate. Using 
the Dieudonne-Manin classification, and reducing to simple factors, we may 
thus assume that A has the form 

\ 



1 

0/ 

for some integer k prime to the size of the matrix. We distinguish the cases 
k > 0, k = and A; < 0. If A; > 0, then A is topologically nilpotent and 
we can give the inverse of x — Ax"^ explicitly as x -|- Ax'^ + A'^x'^ + . . .. 
Similarly, if /c < 0, then A~^ is topologically nilpotent, and we can give the 
inverse of x — Ax'^ explicitly as —A~^x" — A~'^x" — . . .. Finally, if /c = 0, 
then A = 1, and it suffices to show that the Zp-linear map W{k.) — > W{k), 
X I— 7> X — x*^, is surjective. This can be checked modulo p, where it follows 
directly from the fact that k is algebraically closed. □ 



A 



/ 1 
1 
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□ 

We use this lemma for 6 € G(Qpr) c G{W{¥p)[^]). Let m > 1 be some 
positive integer (to be chosen later). Let V be the open neighborhood of 6 
given as the image of ker(G(VF(Fp)) G{W{¥p)/p"^))) under g g~^6g'^, 
and let U = VnG{Qpr). 

It follows that for any 5' € U, the p-divisible groups and H_g, associated 
to 5, resp. 6' become isomorphic over Fp. In particular, one satisfies the 
determinant condition if and only if the other one does, and in this case we 
get isomorphisms 

for all open subgroups K C G{Zp), so that I^g has controlled cohomology 
if and only if H_g, has controlled cohomology. 

In particular, we get the desired statement that (pr^h is locally constant at 
6 unless H_g is a p-divisible group with P-structure and has controlled coho- 
mology. In this final case, we choose m large enough such that Proposition 
Els] applies. Twisting with elements of ker(G(T^(Fp)) ^ G(VF(Fp)/p™))) 
does not change H§ [p'^] , so that the (different) actions of r on 

differ by the action of some j in the automorphism group of H_g over Fp 
which is trivial on p™-torsion points. Now Proposition 13.151 implies that 
both actions of r become identical on the cohomology. We find that indeed 
(pr,h is locally constant. □ 

We end this section by stating some easy lemmas about (j)T,h- 

Proposition 4.7. Assume that F is unramified, andp ^ 2 in the PEL case. 
Let h be the idempotent associated to G(Zp). Then 4>r,h the characteristic 
function of the double coset G(Zpi)p~^(T(/i(p))G(Zpr), where fi : Gm 
Gq^r is some representative of JI that factors over Tq^^ for some maximal 
Zpr -split torus T C Gz^r ■ 

Remark 4.8. Such ^ exist by [15], Lemma 1.1.3 (a). The proposition implies 
that in the unramified case, our function 4>T,h{S) is equal to (/)r(o"~^(5)), 
where (pr is the function used by Kottwitz in [T7]- Their twisted orbital 
integrals obviously agree, as 6 is cj-conjugate to a~^{6). 

Proof. Prom Proposition 13.121 we know that all p-divisible groups with D- 
structure have controlled cohomology, and that in this case 

M^) = 1 • 

It remains to classify the set of 6 that give rise to a j5-divisible group with 
P-structure. This is done by Kottwitz, [T7], pages 430 - 431. □ 

Proposition 4.9. In the situation of Proposition [3.131 let h be of the form 
h = l\hi with hi £ C^{Gi{Zp)). Then for all 6 = U^i G(Qpr) = 

Proof. Follows directly from Proposition 13.131 □ 
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Proposition 4.10. In the situation of Proposition \3A^ let h be of the form 
ho X Hg^, where Hq G C~(Go(Zp)) and h^^ G C~(Z^). Then for all 

S = {So,6gJ G G(Qp.) = Go(Qp.) x Q^r , 
there is a factorization 

where 4>T,hQ^ is the function with support on p~^'L^r defined by 
KhG^i^Gm) = ^(Ar%(r)iV(5G„) , 

where ArtQ^ : Wq^ Qp is the local reciprocity map sending a geometric 
Frobenius element to a uniformizer. 

Remark 4.11. We remark that 4>T,hfi^ satisfies the following spectral identity. 
For all characters x ■ Qp ^ C^, 

tr(</'T,hG„ \X ° NorniQ^./Qj = tr(T-^|x o ArtQj tr{h\x) • 

Proof. This follows from Proposition 13.14] once one checks that 

tr(r X /i(G„|F*(XL,m ®fc hQi)) = ^T,her.(^Gj 
for all m large enough. □ 

5. PEL Shimura varieties 

We first recall the definition of the PEL Shimura varieties that are also 
considered in Kottwitz' article [l7j. They are associated to the following 
data. 

Global PEL data. Let i? be a simple Q-algebra with center F and 
maximal Z(p)-order Ob that is stable under a positive involution * on B. Let 
y be a finitely generated left i?-module with a nondegenerate *-hermitian 
form ( , ). We assume that there is an O^-stable selfdual Z^p^-lattice A C V^, 
which we fix. Moreover, we let Fo = F*=i, which is a totally real field. We 
assume that at all places above p, the extension F/Fq is unramified and the 
-F-algebra B is split. 

We let C = FindsiV), and Oc = Endc)g(A); both carry an involution * 
induced from (, ). We recall, cf. [T7], p. 375, that over Q, the algebra C 
together with the involution * is of one of the following types: 

(A) Mn X M°PP with (x, y)* = {y, x), 

(C) with X* being the adjoint of x with respect to a nondegenerate 
alternating form in 2n variables, 

(D) with X* being the adjoint of x with respect to a nondegenerate 
symmetric form in 2n variables. 

We assume that case ^ or C occurs. We get the reductive group G/Q of 
i?-linear similitudes oi V; in fact, we can extend it to an algebraic group 
over Z(p) as the group representing the functor 

G{R) = {g e (Oc Rr \ gg* e R""} . 

Finally, we fix a homomorphism ho : C — ?> C(>>)M such that ho(^) = Iiq^z)* for 
all z G C, and such that the symmetric real-valued bilinear form {v,hQ{i)w) 
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on y (8> M is positive definite. 

We write h for the map S — )• G (8) K from Deligne's torus § (i.e., the 
algebraic torus over M with §(M) = C^) that is given on M- valued points by 
h.{z) = ho(2;), z € C^. Then one gets a tower Shx, K C G(Aj) running 
through compact open subgroups of the finite adelic points of G, of Shimura 
varieties associated to the pair (G,h~"^). 

A priori, these Shimura varieties are defined over C, but they have canon- 
ical models over their refiex field C C, a finite extension of Q. We recall 
that E is the field of definition of the conjugacy class of the cocharacter 
H = fj,h ■ Gm — )• G (8) C given as the product of the central morphism 
Gm — >■ G sending t E Gm to multiplication by t on V, and the composite 
morphism 

Gm^S(E}C G (g) C . 

Recall that S (g) C = Gui X Gmi the first factor corresponding to the identity 
morphism C C, the second to complex conjugation C — t- C. The first 
morphism Gm — >■ § (8) C is the one coming from the identity morphism. 

We note that this is not the same /i as the //Kw considered by Kottwitz, 
which is given as the composition 

G„^S«)C'^G0C. 

This means that the product ^^kw is the central morphism Gm — ?• G. We 
choose this alternative normalization as it is the one compatible with our 
local normalization, which in turn is the one used by Rapoport and Zink in 
their book [22]. Fix a prime p of above p, and let Oe^ be the complete 
local ring at p. This allows to regard ^ as a conjugacy class of cocharacters 
ji : Gm ^Qp5 where Qp is an algebraic closure of Ep. In particular, after 
base-changing everything to Qp, we get data T) of PEL type as defined in 
Section [3l 

Next, we recall that (finite disjoint unions of) these Shimura varieties 
can be described as moduli spaces of abelian varieties with polarization, 
endomorphism, and level structure. This also leads to integral models of 
these Shimura varieties. 

Definition 5.1. Let C G(Aj) he a sufficiently small compact open sub- 
group. Let dJlxp be the contravariant set-valued functor on the category of 
locally noetherian schemes S over Oe^ associating to S the set of isomor- 
phism classes of quadruples (A, t, A,??), consisting of 

• an abelian scheme A up to prime-to-p-isogeny over S, 

• an action l : Ob End(A), 

• a prime-to-p-isogeny \: which is a polarization, 

• a level structure r] of type . 

These are subject to the following conditions. 

(i) The Rosati involution induced by A is compatible with * on Ob- 

(ii) The determinant condition holds true. 
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In particular, if p is locally nilpotent on S, then the associated p-divisible 
group with extra structure t|^[poo], A|^[poo], Zp) is a p-divisible group 

with V-structure in the sense of Definition \3.3l 

Two triples {A,L,X,r]), (A' , l' , X' ,r]') are said to be isomorphic if there is 
a prime-to-p-isogeny a : A ^ A' carrying l into i' , r] into r( and carrying X 
into a Jj^^^y multiple of X' locally on S. 

We refer to [T7], page 390 - 391, for the notion of a level structure of type 
RP. Note that there is an obvious action of G(A^) by correspondences on 
the tower of these moduli problems. 

Theorem 5.2. The functor is represented by a quasiprojective scheme 
A4kp over Oe^- There is an isomorphism 

Mkp ® -Ep = y ShG(Zj,)i^p ®E 

kori(Q,G) 

compatible with the action of the Hecke correspondences. Here ker^ (Q, G) C 
H^{Q,G) is the subset of those cohomology classes that map trivially to 
H^{Q.u,G) for all places v of Q; this is a finite set. 

If C is a division algebra, then Mkp is a projective variety over Osp- 

Proof. Cf. [13 , Section 3. We note that Kottwitz a priori only proves 
that these spaces are (possibly infinite) disjoint unions of quasiprojective 
schemes. In the generic fibre, the given description shows that there only 
finitely many connected components. However, the moduli spaces need not 
be (topologically) flat, cf. below, so that a priori there might be many junk 
components in the special fibre. 

The problem with Kottwitz' argument is that one works with abelian vari- 
eties up to prime-to-p-isogeny, and the endomorphisms only live in End(^)(8i 
Z(p). For any abelian scheme A/ S, the functor T i— > End(y4 T) (g) on 
schemes over S is representable by an infinite disjoint union of projective 
varieties over S. In order to restrict to finitely many components, one has to 
work with actual morphisms of abelian varieties whose degree is bounded. 

We sketch how this can be accomplished. Choose a finitely generated Z- 
lattice M in look at the order Ob,m of B mapping M into itself, and let 
be contained in those automorphisms that fix M(8)Z^ C V ^hFj. In that 
case, the datum of r/ gives an actual abelian variety A inside the prime-to-p- 
isogeny class, and one checks that Ob,m acts on A by actual morphisms, and 
that a bounded multiple of A is an actual polarization of bounded degree. 
Fixing finitely many algebra generators of Ob,m, one sees that each of them 
has bounded degree, which gives the desired statement. □ 

Moreover, for any compact open subgroup Kp C G(Zp), we introduce 
the cover Mkp,kp of J^kp "X" Ep, parametrizing iiTp-orbits of isomorphisms 
between A (8) Zp and the p-adic Tate module TpA of A, compatible with the 
Ofi-action and the hermitian forms up to a scalar. Obviously, we get an 
action of G(Zp) x G(A^) by correspondences on the tower of these varieties; 
we do not care about enlarging this action to G(Aj) here. 

Proposition 5.3. The cover ttKp^kp ■ Mk^^kp Mrp ® Ep is finite etale, 
and Galois with Galois group G{'Lp)/Kp if Kp C G(Zp) is normal. There 
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are isomorphisms 

kcri(Q,G) 

compatible with the Hecke correspondences and the maps to Mkp Ep. 

Proof. Once again, the existence of such isomorphisms over geometric points 
fohows from Lemma [3. H note that the rational £-adic Tate modules ViA are 
isomorphic to V i^Qi by existence of X^'-level structures; hence so are VpA 
and V ® Qp, as the characters of VpA and ViA as ^-representations agree. 
From here, the usual arguments imply the proposition. □ 

We have the following comparison with the local theory. 

Proposition 5.4. Let n he perfect field of characteristic p over Oe^, CLnd 
let X € A^xp(^)- Let H_ he the associated p-divisible group with D-structure 
over K. Let k be the complete unramified extension of Ep with residue field 
K. Then the complete local ring Omkp,x isomorphic to the deformation 
ring R-jj. This identifies the tubular neighborhood of x in TW^p ®E^k with 
Xjj. Moreover, for any Kp C G(Zp), we have a pullback diagram 

^R,Kp ^ 



^kIkp ^i?P k > M';,% ^E, k 

In particular, H_ has controlled cohomology, and for all i & Z, we have a 
Gal(k / k)-equivariant isomorphism 

Proof. The first statement is a direct consequence of the Serre-Tate theorem, 
and the rest follows easily, using Theorem 12.81 for the last statements. □ 

We need local systems on the Shimura varieties. For this purpose, let ^ 
be a finite-dimensional algebraic representation of G defined over a number 
field L, and let A be a place of L above I p. The usual construction, cf. 
[T7] . Section 6, produces £-adic local systems F^ kp^ resp. J^^.Kp,KP on Mrp, 
resp. M.Kp,Kp, to which the action of the Hecke correspondences extend. 
We will need the following proposition. 

Proposition 5.5. Consider the projection 'KKp,Kp '■ J^Kp,Kp — ^ A4kp Ep. 
Then we have a canonical isomorphism 

Ri'T^Kp,KP*Fi,Kp,KP = J^^,KP ® Ri'T^Kp,KP*Qt ■ 

Proof. Indeed, 

R'4''^Kp,KP*F^,Kp,KP = R'4''^Kp,KP*'^*Kp,KP^i:KP 

= R'li){T^^KP ® T^Kp,KP*T^Kp,Kp'^e) 
= J^^,KP <8) R'4'TrKp,KP*'^*Kp,KpQi 
= F^,KP ® R'>pTrKp,KP*Qe ■ 

□ 
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In particular, we can define the cohomology of the Shimura variety with 
coefficients in the local system T^, 

This carries commuting left actions of Ge^, = Gal(Qp/-Ep) and G(Zp) x 
G(Ap. Note that in fact 

keri(Q,G) 

with the obvious definition of Hg^^^, compatible with all actions. The right- 
hand side even carries an action of G(Aj), which we will not need, however. 

Let C C Gep be the inertia and Weil subgroup, and fix a geomet- 
ric Frobenius element Frob € Wep ■ In order to formulate our main theorem, 
we need to introduce the notion of a Kottwitz triple. 

Definition 5.6. Let j > 1. Set r := j[nEp '■ ^p], where HEp is the residue 
field of Ep. A degree- j -Kottwitz triple (70; 7, (^) consists of 

• a semisimple stable conjugacy class 70 € G(Q), 

• a conjugacy class 7 € G(Aj) that is stably conjugate to 70, and 

• a a-conjugacy class 5 € G(Qp' ) such that N6 is stably conjugate to 70 
satisfying 

(i) 7o is elliptic in G(M), 

(ii) KG®Qp(p<^) = A*** in X* {Z (G)^^^) , where T{p) is the absolute Galois group 
of%. 

Let Iq be the centralizer of 70 in G. Then Kottwitz defines a finite 
group ^{Iq/Q) whose Pontrjagin dual we denote by ^{Iq/Q)^. Moreover, 
he associates an invariant 0(70; 7, 5) E R{Io/Q)^ to any degree-j-Kottwitz 
triple. 

Finally, we can formulate our main theorem. 

Theorem 5.7. Assume that the flat closure of MKp®Ep inAi^p is proper 
(for one and hence every ); for example, assume that G is a division 
algebra. Let fP G C^°°(G(Ap), h e G^{G{Zp)) and r G Frob^/s^ C WEp- 
Then 

tr(r X ^FlifsVg) = ci^o;i,S)0^ifnT05A<Pr,h)tr ^(70) , 

(70 ;7,^) 
a(7o;7,'5)=l 

where the sum runs over degree- j -Kottwitz triples, and 0(70; 7, d) is a volume 
factor defined as in [T7], p. 44^- The Haar measures on G(Qp) resp. G(Qpr) 
are normalized by giving G{Zp) resp. G(Zpr) volume 1. 

Slightly more generally, we will prove this theorem for any function (p'^- £ 
C^(G(Qpr)) in place of (p-j-^f^ that has the following properties: 
(i)0!^^((^) = unless 6 is associated to some p-divisible group with D- 
structure H_; 
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(ii) If H f is the p-divisible group with D-structure associated to some point 
ofMKpl^p) (for some RP), then (p'^^^i^) = (t)r,h{^). 

Conjecturahy, one would expect that any p-divisible group with P-structure 
occurs in the Shimura variety as in (ii), and hence that (j)'^ is unique. In 
[26], we will use this argument the other way around: We will show that (the 
twisted orbital integrals of) (l)r,h are uniquely determined by the formula of 
the theorem in some cases, and deduce that every p-divisible group with 
P-structure occurs in the Shimura variety. 

We note that it may happen that the models A4kp are not flat, not 
even topologically flat, thereby explaining the formulation of the properness 
assumption in the theorem above. In general, such questions are the subject 
of the theory of local models of Shimura varieties. We only mention here 
that the results of Pappas and Rapoport in [21] show that in case A, the 
model that we have given, also known as the naive local model, need not be 
topologically flat. In fact, the dimension of the special fibre may be larger 
than the dimension of the generic fibre. However, in case C, results of Gortz, 
[5], show that the model is always topologically flat. 

In |26| . we will need another case where we can apply Theorem 15.71 This 
relies on a theorem of K.-W. Lan, |18] . Recall that in case A, the group G 
is a unitary similitude group sitting in an exact sequence 

RcSjt'^/qGi G ^ Gm -> . 

Theorem 5.8. Assume that in case A, the group Gi/Fq is compact at one 
infinite place of Fq, i.e. is isomorphic to U{0,n). Then the flat closure of 
A4kp ® Ep in M.KP is proper. 

Remark 5.9. The proof does not show that A4kp itself is proper. 

Proof. We use Theorem 5.3.3.1 of [18j. We feel that it is worthwhile to 
make explicit the objects occuring in this theorem. First, the set of primes, 
denoted □ in |18j . can be chosen to be the empty set. Then M-^ lives over 
= SpecE' and becomes after base-change to Ep equal to Mxp'^Ep, where 
Ti and are supposed to give corresponding level structures. We take M' 
equal to the flat closure of J^kp (SiEp in Mrp , living over S' = Spec Oe^ ■ Let 
S[ = Spec-Ep. Then condition (1) is satisfied tautologically, and condition 
(2) is verified as in [T7j, page 392. Finally, condition (3) is ensured by the 
signature condition, cf. Remark 5.3.3.2 in |18j . □ 



6. Fixed points of correspondences 

In order to prove the theorem, we can make the following assumptions. 
First, fix a sufficiently small compact open subgroup C G(Aj) such 
that fP is bi-A'^- invariant. In fact, assume that is the characteristic 
function of K^g^K^ divided by the volume of for some g^ S G(Aj). 
Further, let Kp C G(Zp) be a normal subgroup, such that h is h\-Kp- 
invariant; we assume that h is the characteristic function of Kpgp divided 
by the volume of Kp for some gp G G(Zp). We have the following diagram. 
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where K^p = RP n {gP)-^KPgP. 

Mkp,Kp 
Mkp 

Here, the left-hand diagonal projections are the natural projections, whereas 
the right-hand diagonal projections are (in the upper case) the composite 
of the natural projection MKp,K^p ~^ ■^Kp.{gP)~^KPgp with the action of 
{dp, 9^), which gives an isomorphism MKp,(gP)-^KPgp — Mkp,kp- 

Let <I>p : Mkp ^ — )• Mkp ® i^Ep be the Frobenius morphism. Our first 
goal is to describe the fixed points of the lower correspondence restricted 
to the special fibre composed with the Frobenius correspondence ^i. In 
fact, remembering that our model is not always topologically flat, it will be 
enough to describe those fixed points that lie in the closure of the generic 
fibre. This is done (under slightly stronger, but unnecessary assumptions) 
in [T7]- Let us recall the description. 

By definition, a fixed point of the correspondence is a point {A, l, A, 77) G 
Mkp i^p) such that {A, t, A, tJ) and cr'"(A, l, A, rjgP) define the same point of 

gP _ _ 

Mkp{^p), where a is the p-th power map on ¥p and cr'^{A, . . .) is obtained 
through extension of scalars along cr^ from (A, . . .). 

This translates into the condition that there is some prime-to-p-isogeny 
u : cr'^{A) — > A compatible with l and sending (J^{r]gP) into rj, and such that 
there is some cq € '^'{p) with u*\ = cofj''(A). At this point, let us recall some 
definitions from |17j . 

Definition 6.1. (i) A virtual abelian variety over ¥pr is a pair A = {A,u) 
consisting of an abelian variety A up to prime-to-p-isogeny over ¥p with a 
prime-to-p-isogeny u : c^iA) — A. 

(ii) A homomorphism between two virtual abelian varieties Ai, A2 is a ho- 
momorphism f : Ai ^ A2 such that fui = U2cr^{f). 

(iii) The Frobenius morphism tta S End(^) of a virtual abelian variety is the 
composition u o <^'', where $ : ^ — > (j{A) is the relative Frobenius over ¥p. 

(iv) For a rational number c of the form c = p^cq with cq € Z^^^ , a c- 
polarization of a virtual abelian A = {A, u) is a Q-polarization \ : A A^ 

'^Here, we follow the conventions on correspondences and associated maps on cohomol- 
ogy that is used in [28]. In particular, we compose pi with the Frobenius correspondence; 
in [17| . P2 is composed with the Frobenius correspondence instead. We note that Kottwitz 
uses the same correspondence associated to g^, but constructs out of it a map on coho- 
mology that goes the other way; this results in giving the inverse of the action of on 
the cohomology, i.e. the action of (g'')^^- This leads to the occurence of the characteristic 
function of K^ig^y^K^ later in Kottwitz' paper, instead of 




M 





Mkp 
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(i.e., A is only a quasi-isogeny, and some multiple of X is a polarization) 
such that u*X = co(t''(A). 

We remark that the category of abehan varieties over ¥pr forms a full 
subcategory of the category of virtual abelian varieties over ¥pr in the obvi- 
ous way. Moreover, a polarization of an abelian variety over ¥pr induces a 
^^''-polarization of the associated virtual abelian variety. 

Proposition 6.2. Let A = {A,u) be a virtual abelian variety overFpr. Then 
A[p°°] descends via ^jo-'-(A[p°°]) a p- divisible group H overWpr, which we 
sometimes also denote by A[p°°]. Moreover, if X is a c-polarization of A, and 
d G Zpi- has norm Nd = dd'^ ■ ■ ■ d'^'^ ^ = Cg ^, and L is the 1-dimensional lip- 
local system over ¥pr corresponding to d, then X induces a twisted principal 
polarization 

Proof. As ti is a prime-to-p-isogeny, it becomes an isomorphism on the p- 
divisible group. To check that the descent is effective, it suffices to check 
this on ^'"-torsion points for all m; but restricted to the p'^-torsion points, 
everything is defined over a finite subextension of Fp. Under the correspond- 
ing identification of (t'^(A[p'^]) with ^[p'"] for k large, some power of u has 
to be the identity morphism (because there are only finitely many automor- 
phisms of a finite flat group scheme over a finite field, as the ring of global 
sections is finite). This shows that we actually get a Galois descent datum. 
We leave the verification about polarizations to the reader. □ 

In particular, from a fixed point of the correspondence, we get a c- 
polarized virtual abelian variety A over Fpr, with an action l of Ob, com- 
patible with the polarization A, i.e. a triple {A,t,X). Note that the previ- 
ous proposition associates to {A, l, A) a p-divisible group with P-structure 

= i|^[poo], A[p°°],L) over Fpr. Conversely a triple {A,i,X) whose 

associated p-divisible group with extra structure is a p-divisible group with 
2?-structure, together with a suitable level structure r] of type K^p , will give 
a fixed point of the correspondence. 

By the existence of a level structure of type K^, we know that for all 
t ^ p, the rational ^-adic Tate module V^A is isomorphic to V fixing an 
isomorphism, the Frobenius morphism tta £ End(A) gives rise to a S-linear 
automorphism of Vf, we define 7^ € G{^() as its inverse. Its conjugacy class 
is well-defined, and the elements combine into a conjugacy class 7 G G(Ay). 

Now assume that x G Mj^p (Fp) lies in the closure of the generic fibre, so 

that Xjj 7^ 0. Then our local considerations give an element 5 G G(Qpr), 

well-defined up to cr-conjugation by G(Zpr). It satisfies i^G®Qp{p5) = /U^. 
We have the following proposition. 

Proposition 6.3. There is a unique semisimple stable conjugacy class 70 G 
G(Q) such that (70; 7, 5) is a degree- j-Kottwitz triple. 

Proof. Uniqueness is clear; for existence, follow the arguments in [T7], Sec- 
tion 14. □ 

Proposition 6.4. The invariant 0(70; 7, 5) G ^{Iq/Q)^ is trivial. 
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Proof. Follow the arguments in [T^, Section 15. 



□ 



Our next aim is to parametrize fixed points in the isogeny class of the 
virtual abelian variety with extra structure {A, l, A), following the discussion 
in [T7], page 431 - 433. Let I/Q be the group of self-quasiisogenies of {A, l, A) 
(preserving A up to a scalar in Q^); it is an inner form of the centralizer 
Jo of 7o in G. Consider the set Y of fixed points y € J^kp{^p) that lie 
in the closure of the generic fibre, equipped with a i?-linear quasiisogeny 
ip : A' ^ A preserving the polarization up to a scalar in Q^, from the 
associated triple {A', l' , A') to (A, i, A). The set of such fixed points itself is 
then given by I(Q)\Y. Let be the rational Dieudonne module of 
which is a Q^r -vector space. 

Proposition 6.5. There is an injection from Y into the set of Os-stahle 
selfdual J^pr -lattices A' C N satisfying pA' C p6aA' C A', together with an 
element z G G{hF^)/KP satisfying z~^^z G gPRP. In that case, {A' , F = 
pSa) is the Dieudonne module associated to A'\p°°] (with extra structure). 

Proof. As we consider abelian varieties up to prime-to-p-isogeny, it is clear 
that A' determines {A' , i' ,X'). The element z describes the level structure of 
type K^p, cf. [IT], page 432. We note that as we are using slightly different 
conventions on correspondences, a fixed point satisfies r] = a'^{rjgP); this 
translates into r] = ttatiB^ modulo K^, or equivalently z = ^"^zg^ modulo 
RP, which means that z~^'yz G g^K^. □ 

By Lemma [3.11 (and the remark following it), the lattice A' can be equiva- 
lently described by giving an element w G G(Qpr)/G(Zpr), where A' = wA. 
The corresponding 5' G G(Qpr) up to cr-conjugation by G(Zpr) is then given 
by 6' = w~^5w'^ . 

We will check in the next section that a fixed point giving rise to (A', z) 
contributes the summand 



to the Lefschetz trace formula. Conversely, note that if {A',z) is as in the 
previous proposition and (l)r,h{S') 7^ 0, then necessarily the pair (A', z) comes 
from an element of Y: Namely, the function (/>t-^/i is nonzero only at those 
elements whose associated p-divisible group with extra structure does satisfy 
the determinant condition, i.e. is a p-divisible group with D-structure. 
Summarizing, we get the following proposition. 

Proposition 6.6. The contribution of fixed points isogenous to {A,l,X) is 



Our main theorem now follows from the results of the application of the 
Lefschetz trace formula given in the next section (affirming the form of the 
contribution of fixed points used above) by going through the rest of the 
paper of Kottwitz, Sections 17 - 19, which give a full description of the set 
of isogeny classes. 



<^r,h(5')tr e(7o) 




□ 
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7. Application of the Lefschetz trace formula 

We want to evaluate tr(r x hfP\H^) via the Lefschetz trace formula. Let 
us recall the correspondence 




The upper correspondence in the diagram above extends canonically to a 
cohomological correspondence u : P2\PiJ^^,Kp,KP — > J^^,Kp,KP induced from 
the action of {gp,g^)- Let 

be the associated map on cohomology. Of course, r also acts on the coho- 
mology, and it is a standard fact that 

tr(r X hfP\Hl) = tr(r x {gp, gn*\H* {Mkp,kp ^ Qp, J'^,Kp,Kp)) ■ 

We rewrite the cohomology group using proper base change and Propo- 
sition 15.51 



H*{MkpKp ® Qp,J^i,Kp,Kp) = H*{Mkp ® Qp,TrKp,KP*J^(,Kp,Kp) 

= H*{Mkp ®^p,Ri}T^Kp,KP*^U<p,Kp) 
= H*{Mkp ® iFp, ^U<P ® Rtp'^Kp,KP* 



We have cohomological correspondences P2\PiJ^^,Kp — ^ ^(,kp induced from 
gP and P2\PiR'4''^Kp,KP*Qe — > R'ip'^Kp,KP*Q£ induced from gp. Their ten- 
sor product gives a cohomological correspondence on J^^.kp ® R'4''^Kp,KP*Qe 
which induces in cohomology the map {gp,g^)* under the isomorphism of 
cohomology groups 

H*{MkpKp <8) Qp,T^,Kp,Kp) = H*{Mkp <8) ¥p,Ti:j^p ® RiJTrKp,Kp*Qe) ■ 

Finally, because Mkp ^ Fp is defined over the finite field ke^, we also 
have the Frobenius correspondence 

Mkp (S)¥p^ Mkp «) Fp Mkp ® Fp . 
The action of We^ on the vanishing cycles gives rise to a cohomological cor- 
respondence ^p* R4>'JTKp,Kp*'Q.i Ri'T^Kp,Kp*Qe induced by r G Frob-'/^;^, 
and because J^(,kp is also defined over ke^, we have a cohomological corre- 
spondence ^p*J^^j<p J^(,KP- Their tensor product gives a cohomological 
correspondence on T^^kp ® Rip'^Kp,Kp*Qe which in cohomology 

H*{MkpKp <8) Qp, J^^,Kp,Kp) = H*{Mkp (S) Fp, F^^KP RlpTTKp,KP. 

gives the action of r. 
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Now we take the composite correspondence 



— ^fy^Ul — VO — 

Mkp «) Fp ^ M^p 0Fp^ Mkp ® 




with the composite cohomological correspondence 



This induces a map on 

H*{Mk,kp O Qp, J'uiv^Kp) = H*{Mkp ® Fp, (S> RiI^ttk^kpM 

which is given by r x {gp,g^)* by our previous considerations. We are inter- 
ested in calculating its trace. 

Now we use the Lefschetz trace formula in the form given in Theorem 
2.3.2 b) of [5H]. 

Theorem 7.1. The Lefschetz trace formula gives 



{^lopi){x)=p2ix) 

where the local term tr{ux) is the naive local term given as the trace of the 
morphism 

Ux ■■ {^^,KP <» ^V'7rXp,XP*Q£)($Jop^)(^) = ((^'p °PlT{^S„KP ® R'llJT^Kp,KP*Qi))x 

(P2i^(,Kp "Xi Rip'n-Kp,KP*Qe))x 

— i^(,KP ® Rtp'^Kp,KP*Q£)p2{x) > 

the middle map being induced by u (noting that p2\ is left-adjoint to P2, P2 
being etale), and the outer two terms are identified, x being a fixed point, d 

Note that the local term vanishes unless x lies in the closure of the generic 
fibre; in that case we have associated a degree- j-Kottwitz triple (70; 7, (^) to 
X. The morphism Ux naturally factors as the tensor product of its actions 
on J^^^KP and R4''^Kp,Kp*Qe, so that tr(ua;.) factors into the product of the 
corresponding terms. The trace on T^^kp is computed by Kottwitz to be 

^(To) in [IZ]) pages 433 - 434. We are left with the trace on RipTTKp,Kp*Qe- 
Using Proposition 15.41 one may express the vanishing cycles in terms of 
the cohomology of the deformation spaces of the p-divisible group H_ over 
¥pr associated to the fixed point x as in the last section. Going through 
all identifications, this shows that the second factor is exactly (pT^hi^), as 
desired. 



[1] P. Berthelot. Cohomologie rigide et cohomologie rigide a support propre. 
"http: //perso .univ-rennesl .f r/pierre .berthelot/publis/Cohomologie_Rigide_I . 

[2] G. Faltings. Group schemes with strict O-action. Mosc. Math. J., 2(2):249-279, 2002. 

Dedicated to Yuri I. Manin on the occasion of his 65th birthday. 
[3] L. Fargues. Cohomologie des espaces de modules de groupes p-divisibles et corre- 

spondances de Langlands locales. Astensque, (291):1-199, 2004. Varietes de Shimura, 

espaces de Rapoport-Zink et correspondances de Langlands locales. 
[4] D. Gaitsgory. Construction of central elements in the afhne Hecke algebra via nearby 

cycles. Invent. Math., 144(2) ;253-280, 2001. 



tr(r X hfP\Hl) 



xeMj^P (Fp) 



References 



DEFORMATION SPACES OF p-DIVISIBLE GROUPS 



33 



[5] U. Gortz. Topological flatness of local models in the ramified case. Math. Z., 
250(4) :775-790, 2005. 

[6] T. Haines and B. C. Ngo. Nearby cycles for local models of some Shimura varieties. 
Compositio Math., 133(2):117-150, 2002. 

[7] T. Haines and M. Rapoport. Shimura varieties with ri(p)-level structure, in prepa- 
ration. 

[8] T. J. Haines. Introduction to Shimura varieties with bad reduction of parahoric type. 

In Harmonic analysis, the trace formula, and Shimura varieties, volume 4 of Clay 

Math. Proc, pages 583-642. Amer. Math. Soc, Providence, RI, 2005. 
[9] R. Huber. Etale cohomology of rigid analytic varieties and adic spaces. Aspects of 

Mathematics, E30. Friedr. Vieweg & Sohn, Braunschweig, 1996. 
[10] R. Huber. A comparison theorem for i-adic cohomology. Compositio Math., 

112(2):217-235, 1998. 

[11] R. Huber. A finiteness result for direct image sheaves on the etale site of rigid analytic 
varieties. J. Algebraic Geom., 7(2):359-403, 1998. 

[12] R. Huber. A finiteness result for the compactly supported cohomology of rigid analytic 
varieties. J. Algebraic Ceom., 7(2):313-357, 1998. 

[13] L. lUusie. Deformations de groupes de Barsotti-Tate (d'apres A. Grothendieck). 
Asterisque, (127): 151-198, 1985. Seminar on arithmetic bundles: the Mordell con- 
jecture (Paris, 1983/84). 

[14] R. E. Kottwitz. Isomorphism classes of elliptic curves within an isogeny class over a 
finite field, unpublished notes. 

[15] R. E. Kottwitz. Shimura varieties and twisted orbital integrals. Math. Ann., 
269(3) :287-300, 1984. 

[16] R. E. Kottwitz. Shimura varieties and A-adic representations. In Automorphic forms, 

Shimura varieties, and L-functions, Vol. I (Ann Arbor, MI, 1988), volume 10 of 

Perspect. Math., pages 161-209. Academic Press, Boston, MA, 1990. 
[17] R. E. Kottwitz. Points on some Shimura varieties over finite fields. J. Amer. Math. 

Soc, 5(2):373-444, 1992. 
[18] K.-W. Lan. Arithmetic compactifications of PEL-type Shimura varieties. ProQuest 

LLC, Ann Arbor, MI, 2008. Thesis (Ph.D.)-Harvard University. 
[19] R. P. Langlands. Modular forms and ^-adic representations, pages 361-500. Lecture 

Notes in Math., Vol. 349, 1973. 
[20] Y. Mieda. On /-independence for the etale cohomology of rigid spaces over local fields. 

Compos. Math., 143(2) :393-422, 2007. 
[21] G. Pappas and M. Rapoport. Local models in the ramified case. I. The EL-case. J. 

Algebraic Geom., 12(1):107-145, 2003. 
[22] M. Rapoport and T. Zink. Period spaces for p- divisible groups, volume 141 of Annals 

of Mathematics Studies. Princeton University Press, 1996. 
[23] P. Scholze. The Langlands-Kottwitz approach for some simple Shimura varieties. 

2010. 

[24] P. Scholze. The Langlands-Kottwitz approach for the modular curve. 2010. 
[25] P. Scholze. A new approach to the local Langlands correspondence for GL„ over 
p-adic fields. 2010. 

[26] P. Scholze and S. W. Shin. On the cohomology of compact unitary group Shimura 

varieties at ramified split places. 2011. 
[27] S. W. Shin. Galois representations arising from some compact Shimura varieties. 

Annals of Mathematics, (173):1645-1741, 2011. 
[28] Y. Varshavsky. Lefschetz-Verdier trace formula and a generalization of a theorem of 

Fujiwara. Geom. Funct. Anal, 17(1):271-319, 2007. 
[29] T. Wedhorn. The dimension of Oort strata of Shimura varieties of PEL-type. In 

Moduli of abelian varieties (Texel Island, 1999), volume 195 of Progr. Math., pages 

441-471. Birkhauser, Basel, 2001. 



